Single Variable Production Functions

The production function for
Q = (xl | X2 """ Xn)

Here, X, is variable input, X, ... . X

Average product of X, is defined ag

€quatj

; | i
With 3 « [ !
SIngle varigble input |

0l

N funcy
gf}c’uon OI second degree o
Ons (3.8) (3.9) and (3.11) w*
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= 150 — 4% ™

150 — 2.4 X _ MP
EP;20/X1+150"1'2 X1 Al (3.14)
» deri\"‘"ﬁ"e of MP, (second derivative)
ke
&:—2.4
d:X1 lue is negati\'(‘ dimiﬁi&h'
e 1S ’ Shing re e N s
qmcet e valt x . g returns are prevailing. Assuming different
WX, we can work out AP, MP, and E_ and L and ‘
la[ue.‘ tor 1 P Q and these values are given
Cae 2L
lculation of AP, M . .
TABLE 221 Ca. 1 P, and Q for the Given Production Function.
tues of Xq (kg) AP (kg) S - N
e VO 18 MP; (kg) E, O (Quintal)
168.80
1 ‘ 1‘;0 o . 147.6 0.87 1.69
10 : 126.0 0.90 14.00
127.00 ' '
20 Y 102.0 0.80 25.40
30 Liacy 78.0 0.68 34.40
40 102.50 54.0 0.53 41.00
50 90.40 30.0 0.33 45.20
60 + 78.33 6.0 0.07 470
70 A 66.28 -18.0 -0.27 146.40
80 54.25 -42.0 -0.77 43.40

siciency of ‘the input use:

This occurs when MP, = P;/P_
Where, |

P, = Price per unit of input

P, = Price per unit of output

The details of optimal input and optimal output for corresponding assumed price
ratios are furnished in Table 22.2. As the price ratio is declining optimal input levels
ind °_Pﬁmal output levels are increasing. Please note that the optimal output is almost
Tmaining at the same level, when the price ratio is reduced from 4 to 0.25. In contrast,
Wenotice slight increase in the optimal input Jevel for the corresponding price ratios.

TAB N ~ ‘ o : .
&Optlmal Level of Input and Output for Fhe Given Production Fuuction.

Wc{) "X (Optimal input) (kg) | Q" (Optimal output) (Quintal)
: 59.17 s
7 29 58 46.97
% 60.00 47.00
; e0.41 47.02
: 60.83 4705
: 61.25 s
: 61.67 i
s 62.08 1707

1 0 62.29 | et
25 47.07

~2 40

h
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| solving equation (3.23) for X, in terms g
23) and 50
1 (32

) ¢
Y !
Setting Y
the iso-quant ¢

LD h2 ‘e
AX] M
‘ : atio!
Y. in equalloft ik
= Yo % 11 is defined as
) §
‘qu.mt

.]#
bl
I Y ¥/
= " - 'l ,bn
%= (3 (AXD . X0 )
[
Where,

[ L

- i ts is defined as the s
arginal rate of technical substitution (MRES)hOfrH:Egr it et to
f li];; lrn(xlmltzijxllu‘ of the two inputs or as the ratio of their marg
ob darrrerentials :

g 0% _0Y [OY by Xp o3
MRTS = Xy AXy/ 90X, by X,
In terms of differential equation (3.25) is specified as
aY . dY N
JdY = *JX, 4 e 0X = (

Advantages of Cobb-Douglas Production Function

L 1tis popularly used in agricultural e
functional form which provides for e
It gives theoretically consistent and gj
used in the an
3. Elasticities are

. its si k
conomics research because of its simp
sy computation.

[y 3 v 2V . b'ﬁ
. ghificant estimates for most of the varia
alysis of agricultural data.

directly measured .
s of this function
,- returns j.p, Margina| Productjy
- Returns 1o seale are directly Cstimated
6. The inverge rclatinnship that (‘Xiﬁ(l'i I.'
factor Proportions e (.'Jsil)‘ L‘(lmpl‘]l;\ ;

4. The estimate

TN are mostly ¢
uimnmshm;; tly con

. . < < 1\\'0f
Sistent with the principle of L -
. A ‘ . - “‘_ -
Ity decreases as the input use incr

 and

titutiof
tween Marginal rate of substituti
d from Co

. bb-Douglas function.
Mitscherls s,
cherlich or Splllmnn F""Cli()"
Q M /'\R"‘-l
O -

()H'}»'”
M, A and R

- (,‘ll“f,l
X

antg
1= Input
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gance function: It is specified ag
es!

-1
Py + Za, (b; + X))

nsceﬂde“tal function: It is specified ag
Trd

Q=

Cj -

5 b Xibl e i

oNSTANT ELASTICITY OF SUBSTITUTION PRODUCTION
[UNCTION (CESPE)

n the CObl?_DouglaiaEiOd?Ction function, if elasticity of substitution (o) is equal to
j then, it g1ves constant re urn§ to scale. Such production function is called Leontief
in at-output production function,

In the linear production function elasticity of substitution is infinite*. CESPE was
formulatEd by Arrow, Chenery, Minhas and Solow. It takes the following form

y=ofok P+ (-S| P (3.27)

Where,
Y = Output .
K = Capital
L = Labour
Here Y is called efficiency parameter and it is equal to A in Cobb-Douglas produc-

tion function. _
d is distribution parameter and its value lies between 0 and 1, (0<£6<1) and p is

substitution parameter and its limits range from -1 to o, (-1<p<a).

Elasticity of substitution (6)=1/1+p '

The value of elasticity of substitﬁtion, (o)=o<a< 0

fp=0 and =1, CESPF becomes Cobb-Douglas production function

fp=-1 and o= o, CESPF becomes linear production function

fp=0 and 6 = 0, CESPF takes the form of Leontief input-output production function.

ASSuming constant returns to scale in the CES production function, we have marginal
Products of capital and labour as

dY (Y \TP '
oL = oY "(E) (3.28)

T

SaX 4 a,X, , There elasticity of substitution (o) in this case is

d X) /X,

8=\ X, X‘2

d[a2\ Since a,, a, are both constants, then d
&) fay

I

a . .
-—2—)=O. This means denominator
a

becomes zero. Therefore, ¢ = Infinite (oo)
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l”, ! (

7
, quation (3.29), we get the MR 'f
Dividing equation (3.28) by equation (3.29), we g ‘ I's
ii[) l,
Jd. o (IJ K
!).(,; B e | — =
MG JK 1-0lK I,
Where,
P = Price of capital
P, = Price of labour
CES production function can boe estimated dircctly by using Maxirnyy i
lechnique or it can be indirectly estimated by using the rclati(mship bety *t ”’(Jihwj
prmh'u‘livily of labour and ijtg wage rate, which gives the value (-)f/‘:‘fn AVerzy,
substitution as the coefficient for the wage rate, ‘ : ) (:’dl’t'('jty o
I 1
log Y =——logp -1, [ P(1- ]
T7p 28H T+p O8Y " (1-8) ol
J,, } ‘
logP, =(1 +p)lo_gY~plogY+]og(] - )
" (331)
C=yPq -38) 1
' |
Where, Gy

C=C onstant

Using ¢quations (3.30), (3.31) and (3.32) we get log

i
logY =g log P, - & log C. Inear CESPF,

d ) Kk
Py
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app]ication and interpretation of the

F()r ar ‘torg 3
fer to Yotopoulos and Nugent (197}’)j1nlmtus of CES production function,
)

e
Plcase d

QUADRATIC PRODUCTION FuNcriopn

eneral Form

G
y=a+bX- cX?
(3.33)
Where
Y = Yleld

X = Input say, nitrogen

ecling 'mclls sign before ¢ denotes diminishing
. . Ing an : . .
not both increasing and decreasing margirg1a1 B ;‘;E;tslve marginal productivity, but

Sppose the estimated quadratic equatio
Y=1,146 + 5.22 X - 0.003X2

0003 X? indicates that the cury
shows diminishing rate of return,
obtained as presented below:

MPP, of the total product curve is

dY/dX= 5.22 - 0.006X

fP =Rs. 20/kg

and P, = Rs. 500/Qtl or Rs. 5/kg

n is

e is slgping downwards, which means that it
The optimum dose of N and Y (output) can be

Then,
522-0.006 X = PX/Py =20/5=4
= 5.22-0.006 X = 4
= -0.006 X = 4-5.22
= -0.006 X = -1.22
X =203.33 kg

_thimum dose of nitrogen is 203.33 kg. Now substituting this value of X in the
Otiginal equation

¥=1,146 + 5.22 (203.33) - 0.003(203.33) (203.33)

= 1,146 + 1,061.38 — 124.03
=2,207.38 - 124.03

=2,083.08 kg
+ This is t

Waii he output at the most profitable level of nitrogen application. Suppose we

y to estimate the response of nitrogen, substitute the value of X in the equation
= bX-cx2 |
—_—

YO = P . §
Pub'mpoulos P.A. and Nugent, J.B. Economics of Development. Empirical Investigation. Harper & Row,

New York, 1976, pp. 47-70.

g
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Then, .
Y = h22 (207%.737%) (.007% (207, 14)’
~ 106108 124,05
- 9700 ky,
for 203,733 kg, of nitroge

y OUTPUT MAXIMIZATION-ALGEBR A -

heref n, the yield is 937.55 kg
Therefore

CONSTRAINEI
DERIVATION

Lot un ansume that the Cobb-Douglas

Q = Bol» KY

Bo = It is an intercept term and is called cfficicncy parameter, jt Meagyy,
effect of technology on the output of crop, (Q) 4 5

I, = Units of labour used in producing a crop

K = Units of capital used in producing a crop.

Marginal product of labour (MP)) is derived as

production function is in the folloy
~ )'/”l;l f«

MP| = ‘,)? = aBol? 1 kP

i,

= a(B()L" Kb)lf]

Substitute Bol2 KP =Q

=a—
ld
= a(APL)
Where,
N AP\ is average product of labour. The marginal product of capital (MPy) s defir?
0Q
MP, = < _ bBol? kb-1
K=2¢ BoLl' K
= b(BoL2Kb) K-
=pQ
K
e S
Where, AP, = average product of capital input
MRTS L, K =9/ _a k
Q/K b 1. i
To determine the equilibri tqu
16 the etk Constmim;}m ibrium conditions, we have to'maximize the ouff
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O=f(,K) : (3.34)

MaximiV-c .35)

gubject 1€ Me=wlL+rk

wherer Money available in specified units, such as 1 unit= Rs. 100 or Rs. 1000, et
0= : .
"~ price (interest rate) per unit of capital
" ’ Wage rate per unit of labour
W=

can solve the above problem using Lagrangean multiplier method. Here the
t(r:ained equation is rewritten as
cons

.36
M°=WL+rk=0 _ (33)

Multiply the constrained equations (3.36) by constant term, A, which is called

Lagrangean multiplier.

aMe= wL+ 1K) =0 |

If there is one constrained equation we should use one A and if there. are two
onstraints, we should use two As. Here Lagrangean multiplers are undefined con
C ’

ants which are used for solving constrained equations.
S Now let us write Lagrangean function as

(3.37)

y=0 +A(M°=wL+1K) (3.38)

Maximization of the equation (3.38) implies maximization of output'subject to C(?tso}:
constraint. To achieve this we have to take partial derivatives of equation (3.38%<w1 b
respect to L, K and A and these should be made equal to zero and solve for L, K an

A
v = 99:. +M-w)=0 (3.39)
L oL

Then,
vV dQ ' (3.40)
—== 4 M-1)=0
A

Similarly,
v '
—=M°-wL-rK=0 : (3.41)
oA

Solving equation (3.39) and (3.40) for A we get

o= (3.42)
AL
=2 = MO 3.43)
(or)
e [ M (3.44)
D A
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NS )5 p
@K < a0 o o Kot
) 1137(‘ K(l..rv! 1046 =1,296 | P.'U 10,57

21,367 K = 1,296 1,

4 (3.51)
=100 K 05
squation (3.51) and (3.52) are EXpansion paths. Te « _
.uqu‘tlimtc K =094 L in equation (3.47) Paths. To solye for optimal value of 1,,
qubs

Q=80 L0493 (0.94 1,)054
Q= 75.2 1043 + 0.54

Q - 75'2 LU.‘)?

: (3.53)
substitute Q = 1,800 in equation (3.53)
11800 =752 LU.‘)?

w97 _ 1,800
75.2

1
L =23.940.97

L =26.41

Substitute L” = 26.41 and Q = 1,800 (
1,800 = 80 (26.41)043 K°:54

1,800 = 326.93 KO-54

=23.94

assumed level) in equation (3.47)

K% = 5.51
1
K’ =(5.51)054 = 5,57(1.85)
K' =2358

To find out the value of A, substitute value of Q=1,800,a=043 and b = 054 and
1*<2641 and K* = 23.58 in equations (3.54) and (3.55)

0Q
T A (3.54)
)
ﬁ/ r=h (3.55)
0.43(@)
- \%41) _,
30
= 0.43(18&) - 30\
26.41
29.31
<2931 _
= =0.98

h
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1800\ 0
0. 54( “"F") = 40\

23.58
= 41,22 = 4O\

ra L2 .0

40

Difference in A values here is

due to fractional errorg, Here

A i d(fﬁll(.d 8y

one rupee is invested on (e roductjon, .,
ginal product of money. If one rupee is in turn. B “' i8 the . of Oitpug
business firm would getone rupee and 3 paise return, S, jy ;, - Contribugig, lofy
output,

) ) o v ) v ,
&:&:1, this condition is also satisfied in the abovye Numericy| Cxampl,
w r

CONSTRAINE

d dual of output maximization, He

'¢ We minimize the
unction, Thig proble

Costs subjeg
M is in particular specified g a4

Minimize Mo - wL + rK (3%)
Subject to L=, K) (35)
Equation (3.56) is a Cost equation and ¢quation (3.57) is an iso-quant equation,
The Lagrangean function (Z), is now specified with Lagrangcan multiplier, .
Z=wL 4 K+ [(QY-¢ (L, K)]

Taking partial derivatiye

(35
. 5 of equation 3
Ing them tq Zero w

s of ¢ 58) with fespect to L, K and yt and equit
Nimize the cost,

€ can m

92 [0
oL TR S ]=0

(3%)
0Z _ Q0
=T u[w]ﬂ) (34
0z
ﬁ =Q0_¢ (LK)=g (3,61)
Equation (3.59

8o s B ’ 3.60
mlmmxzation. Sec(m( ) and (

for ¢
d ordey Suffic.ie tare fi.rst Order Necessary conditions

2%Q 2 " Ondition s g et as

—_ C

oz 0 and % >0

(3,62)
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(\SURING EFFICIENCY IN AGRICULTURAL PRODUCTION -
\\ltiénc.-\'rm».\‘ OF FRONTIER PRODUCTION FUNCTION

S EANS S “ Y '} N \} o . . . N -
‘\\ W= \\‘\ muc \\\.\\n‘\\l o AC l\\(‘\ o tht‘ d:‘SII\\’l \:l\‘\\‘th in .‘\l:l'l\‘\llh.l‘l‘l

\\\ \\\‘1 ‘&‘ith‘u\‘z\\‘_\‘ 1\1 \det‘inition 18 the sum of techuical (pmductinn)
RN :‘-l‘-\\‘-}s“i‘\\‘::‘-\‘\:\‘\ Clicleney wnder different levels of technology. The
g RURROWCRY 1T EEpIE “\‘}t"“ o0 tl}e \‘h\‘k\“ of production function, For o\am}jlo.
L egriicular e ot ‘:fl\\i\lx fon tunetion, which is selected for the data in question
oy K ‘h"“.“h\}i\\ vhnology s represented by type of production function.
e conpes of et‘t\:cn‘ncy maasures w-agricultural production have far reaching
Laiaations T PORCY measures iz, price policy, input, income distribution, land
e o Yoropoulos and Lau (1971): Huang ¢ . (1986); Rana (1982) i, measured
s eficieney Tmeasures dnagricultural production. The theory of profit function
conach was developad and appliad to agriculture by Lau and Yotopoulos (1973).
“pws asume that profit function in logarithmic form be given as

e =inf{ L Yoo Yo Yy Y Yoo Y + InE

w ok

s
t = Gross profit (gross income—cost of laobur ie., family and hired labour) of
& farm (=1 to n) from the production of crop.
1, = Man equivalent human labour employed by & farm in the production of
crop.

Y. = Land areq in ha under the crop cultivated by ™ farm.

Y, = Costs in rupees on chemical fertilizers incurred by ™ farm.
Y, = Costs of farmvard manure in Rs. Incurred by & farm.
\

= Costs of seads incurred by & farm in Rs. -
)

& on plant protection incurred by the & farm in Rs.

Y, = Miscellaneous costs incurred by the ™ farm which include depreciation,
e

s on working costs, interest on fixed capital, cost of bullock labour, land rev-
T anA e b . ~h ¢

=X and machine labour incurred by the ™ farm.

L Ao yeaes N - : it by Qf 1 N
-~ 22N variables are measured in varving units by the ™ farm at a particular pomnt

Qver space te., (during a p.lrticular SeasON OVer an area).
<% e term = is net of human labour cost only. The other variables viz., ferti-

S5 Tanures, seeds and plant protection chemicals are placed within the category
T2had s - & ; e i 3 s ha e

X W Inputs. This is becaunse allocation decisions of these inputs thus have little
23 3 -

“3 0 the profit maximizing behaviour of the farm. The production function is

o .
o - B
:::I\LR\:: \u]

~ . Fl

AN

- ~0uglas — = . . S = f o
Now :} uglas production function is thus derived as follows:

D DIORit frrrets e s
R Profit function is expanded as

Lz
.\\1:\ BIVBAGRY. . = -
WP Bsy By By Bege (3.64)

.
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